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Notation: N = {1, 2, 3, . . .} is the set of natural numbers and R is the set of real
numbers.

(1) Let A be the set of all finite subsets of rational numbers. Is A countable or
uncountable? Prove your claim. [15]

(2) Show that every sequence of real numbers has a monotonic subsequence. [15]

(3) Compute lim inf and lim sup of following sequences:
(i) an = 1

2n
+ (−1)n 1

3n
, n ≥ 1;

(ii) bn = |(1
2
− 1

n
)|+ 5, n ≥ 1;

(iii) cn = an + bn, n ≥ 1.
[15]

(4) Find all continuous functions g : R→ R which satisfy

g(x +
1

n
) = g(x), ∀n ∈ N and x ∈ R.

[15]

(5) Let a, b, a1, b1 be real numbers with a < b and a1 < b1. Let f : [a, b]→ [a1, b1]
be a continuous bijection. Show that f−1 is continuous. Suppose a < c < b
and c1 = f(c). Show that if f is differentiable at c and f ′(c) 6= 0 then f−1 is
differentiable at c1. [15]

(6) State and prove mean value theorem for a real valued function on an interval
[a, b]. [15]

(7) Find first three terms of the Taylor expansion of the function g : [−2, 2]→ R
defined by

g(x) =
2x

(x− 3)(x + 5)
, x ∈ [−2, 2]

around the point x0 = 0 and x1 = 1. [15]




